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Crack growth behaviour under static and cyclic loading was investigated using anisotropic 
plates of PMMA oriented by hot-stretching. Both tests were performed at room tempera- 
ture for samples with different degrees of orthotropy. A slight increase in the degree of 
orthotropy considerably improves the resistance to both static and cyclic crack growth 
in the case where the crack propagates perpendicularly to the hot-stretched direction. 
A power law relationship between crack growth rate and stress intensity factor may hold 
for both types of crack growth in the ranges of orthotropy tested. The experimental data 
for static crack growth were compared with a viscoelastic criterion based on the crack 
opening displacement theory for fracture. The criterion discussed here explains compara- 
tively not only the beginning of cracking from a pre-introduced crack, but also the crack 
growth rate in oriented PMMA. 

1. Introduction 
Much effort has been made to understand the 
mechanism of static and fatigue crack growth in 
polymer solids generally recognized as isotropic. 
The results [1, 2] have demonstrated that fracture 
mechanics parameters such as stress intensity 
factor and strain energy release rate are useful for 
describing the crack growth rate in polymers as 
well as in metals. For the purpose of interpreting 
the relationship between the crack growth rate and 
the fracture mechanics parameters, fracture 
mechanics which takes into account the creep 
effect peculiar to polymer has been introduced by 
Williams [3] and the others [4-6] .  According to 
their results, which give some predictions similar 
to each other, creep or relaxation processes play 
an important role in subcritical crack growth. 

Practically used polymers are more or less 
anisotropic due to some forming processes. How- 
ever, little attention has been paid to the experi- 
mental problems of a crack embedded in an 
orthotropic polymer, whereas there have been 
many published data on fibre-reinforced plastics 
(FRP) [7]. But the crack problem of FRP seems 
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to be more complex than that of a simple 
polymer solid because of the mutual interaction 
between fibre and its matrix. 

The purpose of this paper, therefore, is to 
investigate the relationship between crack growth 
rate and fracture mechanics parameters and to 
provide some interesting data using hot stretched 
PMMA plates under static and fatigue loading. 

2. Experimental procedure 
The material used was commercial poly(methyl 
methacrylate) (PMMA) plates lOmm thick 
(Kyowa Gas Chemical Co, Japan). Rectangular 
sheets cut from them were uniaxially hot-streched 
at a slow tensile speed to the desired hot-stretching 
(HS) ratio X, i.e. the ratio of the final to the initial 
length of the parallel part of the sheet, and were 
kept at that state for 30 min. This operation was 
performed at 125 ~ C, slightly above the glass 
transition temperature in an electric oven. Then, 
they were slowly cooled down to room tempera. 
ture. The stretched plates were not always uniform 
over the entire parts and were slightly thicker at 
their side edges than at the central part. The value 
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Figure 1 Schematic illustration of specimen orientation. 
(a) CT specimens 1 and 2 denote the HS directions for 
0 = 0 ~ and 90 ~ specimens, respectively. (b) Tensile 
specimen 0 is the orientation angle. 

of X was determined as the ratio of  the final to the 
initial values of  the grid lines marked at the central 
part. The HS ratio X was chosen in the ranges up 
to 3, otherwise the plates fractured viscoplastically. 
Besides these samples, as-received sheets, which 
were annealed for 1 h at 125 ~ C, were also pre- 
pared to obtain the data for isotropic (X= 1) 
crack behaviour. 

Compact tension (CT) and dumb-bell-shaped 
specimens were machined from these plates so that 
the tensile axes were inclined at various angles to 
the HS direction. The schematic illustration of  
the specimen orientation is shown in Fig. 1. For 
the CT tests, the orientation angles 0 = 0 ~ and 
90 ~ mean that the crack growth directions are 
normal and parallel to the HS direction, respect- 
ively. The dimensions of  the CT specimen are 
slightly different between specimens with different 
X, but are geometrically similar to the standard 
geometry. The milled crack starter cut perpen- 
dicular to the tensile direction was pulled in an 
Instron-type testing machine to form an initial 
crack. In the case where X is higher than 1.5 
for a 0 = 0 ~ specimen, the crack does not always 
propagate along its initial axis. Then, a side groove 
5 mm deep was cut along the initial crack axis to 
ensure straightforward crack growth. But the crack 
curved up~ ards or downwards even in the grooved 
specimen, and the experimental data were not 
obtained. 

The static cracking experiments were performed 
by pulling the CT specimen at a constant cross- 
head speed ranging from 0.01 to 1 0 m m m i n  -1. 
The method for measuring the rates of crack 
growth were similar to the one used by Atkins, 
Lee and Caddell [8]. The crack growth rates were 
measured by a painted electrical resistance circuit 
in the path of  the crack. The details of  the experi- 

mental method have been reported elesewhere 

[8,91.  
The fatigue tests were carried out in the zero- 

tension load range. The maximum and the mini- 
mum loads were kept constant during the test. The 
loading frequency was in the ranges 0.4 to 0.6 Hz. 
The length of  crack was measured by a travelling 
microscope. The growth rates were determined 
from the tangential slopes of  a crack length against 
cycle diagram. 

The stress intensity factor (SIF)K and its range 
2xK were calculated from the equation 

K or AK = F(P or AP)x/'c/WB (1) 

where P is the applied load, Ap  the range of  
applied load, c the crack length, If  the width of  
specimen, B the thickness of  specimen and F the 
correction factor described by 

F = 29 .6- -  185.5(c/If) + 655.7(c/If) 2 

-- 1017(c/W)3 + 638.9(e/if) 4. 

The dumb-bell-shaped specimens with various 
values of  X and 0 were pulled at a strain rate of  
about 5 x 10 -s sec -1 to measure static mechanical 
properties such as elastic modulus and fracture 
stress. 

All the tests were performed at room tempera- 
ture (25 ~ C). 

3. Viscoelastic fracture mechanics 
We consider a crack in an infinite plate subjected 
to an applied stress o at infinity. In a plane stress 
state, the stress a s and the crack opening displace- 
ment (COD) 8 near the crack tip are given by 

a, = K/2, , / -~  (2) 

8 = (8K/E)xff-/2rr = 8 e X / ~  (3) 

where e(= alE) is the applied strain, c the half 
crack length, E the elastic modulus, and r the 
distance from the crack tip. When the plate is 
orthotropic, E should be replaced by 

E = Ey [(2 E~v/'ExEs + 4ExEy/E4s 
- -Ex- -Ey) /4Ex]  -1/2 = ~TE, (4) 

where the axis y is parallel to the loading direction 
and is coincident with one of  the principal axes ot 
orthotropy, Ex, E~, and Eas are the elastic moduli 
along the directions x,  y and inclined at 45 ~ to 
the x or y axis, respectively [10].  In the case 
where the material is isotropic, r? = 1. As described 
later, in the ranges o f  the degree of  orthotropy 
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tested here, ~ is nearly equal to unity. Then, for 
simplicity, ~ is set equal to unity and Ey, the 
modulus along the loading direction, is used in 
place of E. 

Let us consider a linear viscoelastic crack 
growth criterion based on the above equations. At 
first, a condition under which the initial crack 
begins to grow and next, the growth rate of crack 
which continues to extend stably are discussed 
from the viewpoint of the COD theory for fracture. 

The corresponding rule for a theory of visco- 
elasticity [ 11 ] may give 

K = (ex/ 7) (5) 

where E is the relaxation modulus and t is the 
time. When the creep compliance D is approxi- 
mated by Nutting's equation 

D(t )  = Dot" 

where Do and n are the material constants, E(t)  is 
described by 

E(t)  = Eot  -~ Eo = Do 1 sin(nrO/(nn) 

(6) 
For a constant strain rate test, executing the 
integration of Equation 5 by use of Equation 6 
leads to 

K = e x / ~ ( 1 - - n ) I + n E o ( K / K )  n (7) 

where/~ is the rate of K with respect to t. If  it is 
assumed that the crack begins to grow when 5 at 
r = a, a being a structural length, exceeds a critical 
level 5 e, Equati6ns 3 and 7 give the critical stress 
intensity factor K i for the beginning of crack 
propagation: 

1 ~ u]l/(l+n)i~n/(l+n) 
x, = 1 - n  dT J (s) 

Equation 8 shows thatK i increases with an increase 
in/s 

For a growing crack, the viscoelastic COD may 
be constructed from Equation 3 as follows [5 ] : 

f 5 = 50+  D ( t - - r ) 5 o ( r ) d r  (9) tx 
where 5o is the elastic counterpart of 5, tx is the 
time at which the tip of a growing crack reaches 
the point x. When t - - t x  "~ t, the first approxi- 
mation of Equation 9 is written by [5] 

8 = SoD(At )  (10) 

where At = t - - t  x. Assuming the COD criterion 
similarly to the case of a crack initiation, leads to 

[ ~ 0  ~ 1  TM 

d = a [ 5  e (11) 

where At in Equation 10 is replaced by a/d, d 

being the crack growth rate. 
As supposed from Equation 3, the constant 

5 J ( 8  X / - ~ )  may denote a kind of a critical strain 
intensity factor. Then, we rewrite this constant as 

Me = 8 e / ( 8 ~ )  (12) 

This concept, which has been called T-criterion 
by Kishimoto e t  aL [12], is successfully applied 
to isotropic crack behaviour. The governing 
Equations 8 and 11 derived from the COD theory 
for fracture may determine not only the beginning 
of crack extension, but also the crack propagation 
in a viscoelastic material. In the next section, these 
equations are compared with experimental results 
for both isotropic and orthotropic PMMA plates. 

4. Results and discussion 
4.1. Static mechanical properties 
Fig. 2 shows the effect of X on fracture stress 
o~, elastic modulus E and Poisson's ratio v for both 
0 = 0 ~ and 90 ~ The rate of increase in of with 
X for 0 = 0 ~ is very small compared with the 
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Figure 2 Dependence of fracture stress ~f, elastic modulus 
E and Poisson's ratio v on HS ratio X. 
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Figure 3 Effect of orientation angle 0 on fracture stress a f 

published data of  crystalline polymers such as 
PP [13].  For highly oriented PP with 0 = 0 °, of 
is known to become about 6 times higher than 
that for the isotropic specimen. But in PMMA used 
here, a~ for X = 40 was 1.7 times at most higher 
than ~ for X = 1. 

The dependence of  af and E on the specimen 
orientation for X = 3 is shown in Fig. 3, which 
also includes the fracture appearance. In the ranges 
from 0 = 0 to 30 °, fracture initiates just after 
yielding probably due to a shear mode along the 
orientation direction and the fracture path becomes 
very irregular. As 0 increases in excess of  30 °, 
fracture occurs before yielding and its path 
becomes smooth. The angle between the tensile 
axis and the fracture plane tends to increase with 
increasing 0. When 0 = 90 °, the path is perpen- 
dicular to the tensile axis. 

From these results, the factor r /mentioned in 
Section3 can be calculated. For example, the 
computed values of  ~7 are 0.97 for X = 2, 0 = 0 °, 
1.01 for k = 2 ,  0 = 9 0  ° and 1.04 for X = 3 ,  
0 = 90 °. These values may be recognized as being 
close to unity. This may show that in the ranges of 
X tested, the factor ~7 is not so important for 
inferring the crack behaviour. In this paper, there- 
fore, the value o f t / i s  set equal to unity. 

The creep compliances D for both 0 = 0 ° and 
90 ° specimens with different X were measured at 
temperatures of  0, 10 and 20 ° C in a home-made 
creep testing machine of  a dead-weight type. An 

and elastic modulus E (a) and fracture aspect (b). 

example of  the variation of  D with time t is shown 
on a log- log diagram in Fig. 4. The data at 0 ° and 
10 ° C are shifted parallelly along the t-axis so that 
they may be superimposed on the result at 20 ° C. 
From the least square method of  the shifted 
results, the constants Do and n were determined. 
To avoid the arbitrary shift, these calculations 
were carried out by a microcomputer. The calcu- 
lated results are listed in Table I. It is shown that 
Do slightly depends on both X and 0, but  n is 
nearly insensitive to them. In this paper, therefore, 
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Figure 4 Variation of creep compfianceD with time t at 
different temperatures. 
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TAB LE I Creep constants and fracture parameters 

k O D O X 10 + n X 102 M e X 10 4 COD X 10 6 

(degree) (in MPa sec) (m '/2) (m) 

1 2.88 3.4 2.83 3.8 
0 2.86 3.4 4.17 5.6 

1.2 
90 2.91 3.4 3.00 4.0 

0 2.88 3.4 4.85 6.5 
1.5 90 2.92 3.3 2.74 3.7 

0 2.77 3.5 - - 
2 90 2.96 3.3 2.62 3.5 

0 2.70 3.5 - - 
2.7 

90 3.06 3.4 2.32 3.1 

n = 0.035 is used for the calculation of  Equations 
8 and 11. 

4.2.  Crack  g r o w t h  under  cons tan t  
crosshead speed 

In the CT test, the load P linearly increases with an 
increase in the applied displacement until  it  
reaches a peak load Pro. Exceeding Pro, P gradually 
decreases owing to the continuous crack propa- 
gation. Some observations, which were made of  
the crack tip through a travelling microscope 
during the test, showed that the initial crack began 
to grow at a load Pi lower than Pro. The ratios 
Pm/P i measured for isotropic samples were 1.15 to 
1.25, which were nearly insensitive to the cross- 
head speed over the entire range t , s ted .  This 

indicates tha t  the SIF K m estimated from Pin 
does not  correspond to the true value for crack 
initiation, K i. Then, rewriting Equation 8 by use 

of  K m = ~Ki, ~ = P m / P i  being the proport ional i ty  
constant,  one can obtain 

[EoMe] 1/(1 +n)/~n/(1 +n) (13) 
Km - 1 - - n  

In Fig. 5, the values of  K m are plot ted as a 
function of  k for specimens with different degrees 
of  or thot ropy.  It is found that (1) in the whole 
degrees of  or tho t ropy  tested, K m slightly increases 
with increasing/~ as expected from Equation 13, 
and (2) a slight orientat ion of  polymer chains due 
to hot  stretching considerably improves the resist- 
ance to crack initiation for 0 = 0 ~ but  does not  so 
reduce it for 0 = 90 ~ 

The solid lines in Fig. 5 are drawn based on 
Equation 13 with the values of  E0 and n mentioned 
in Subsection 4.1. The true initiation load Pi will 
be smaller than the experimentally measured value 
because of  an infinitesimal crack growth unobserv- 

"-E 
~0 .5  

X=l 

I I I 

k=l.2 o 
-- o e = 0  ~ 

0 0 

t ~ l ^ ^ .  

�9 90  ~ 

E 

0.5 

k=l,5 

o _o_----------- 

Ira 
_ �9 90 ~ 

I I I 

0=90 ~ 
X=2 

2.7 
0 O 

0.5 I I I 0 .5 l I I 
-3 -2 -1 -3 -2 - i  

(o) log (A ~) (MPa m I/z sec -I) (b) log (K) (MPo rnl/2 sec -I) 

Figure 5 Critical stress intensity factor K m for the initiation of crack growth as a function of the rate of stress intensity 
factor/~ at various values of k and 0. 
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Figure 6 Stress intensity factor K as a function of crack growth rate d for various values of 2~ and 0. The solid lines are 
theoretical. 

able through the microscopy, and then the ratio 
Pm/Pi is to be higher than 1.15 to 1.25. In this 
paper, therefore, ~ = 1.3 is used for the calculation 
and its value is assumed to be independent of/C 
and X. The values of Me, which are determined so 
that the equation may fit the experimental data, 
are listed in Table I. 

Fig. 6 shows the experimental relationships 
between crack growth rate d and K for various 
orthotropic samples. As expected from Equation 
11, a power law relationship between d and K 
may hold for the entire ranges of d tested. A slight 
increase in X greatly improves the resistance to 
crack growth as well as its initiation resistance for 
0 = 0 ~ The solid lines in Fig. 6 denote Equation 
11 with the same values of M e as used for the 
theoretical calculation o f K  m. The structural length 

is set equal to the mean half craze length (1.75 x 
10 -s m) measured over the range of d from 10 -s 
to 102 mm sec -1 using isotropic samples by Dihll 
[13]. The values of COD calculated from the 
above-mentioned values of M c using ~ = 1.75 x 
10 -s m are listed in Table I. Practically, the struc- 
tural length c~ may be influenced by the degree of 
orthotropy. But from the nature of Equation 11, 
a slight change in a does not so affect the place of 
the theoretical lines on a double logarithmic 
diagram. Then, for convenience sake, a is assumed 
to be independent of both X and 0. The values 
listed in Table I are higher than the mean value 
observed by D611 (2.7 x 10 -6 m). Table I shows 

that as X increases, Mc steeply increases for 0 = 0 ~ 
but slightly decreases for 0 = 90 ~ In other words, 
Me itself directly corresponds to the cracking 
resistance. Therefore, Me is able to become an 
important material constant for estimating the 
viscoelastic cracking resistance. 

A good agreement between the theoretical and 
the experimental results may indicate that the 
theory developed here is available for inferring not 
only the growth stage of crack, but also its 
initiation. 

4.3.  Fa t igue  crack growth  
Except for 0 = 0 ~ specimens, fatigue crack gen- 
erally grows along its initial axis with an increase 
in loading cycle. In the case of 0 = 00 specimens 
with relatively high X, however, it departs from its 
initial crack plane and curves upwards or down- 
wards. The higher the HS ratio, the more distinc- 
tive this trend is. This aspect is clearly observed in 
Fig. 7. Then, the crack growth rates for 0 = 0 ~ 
were measured only at the early stage where the 
crack propagated almost along its initial axis. In 
the case where X is higher than 1.5, the growth 
rates could not be measured because of the sharply 
curved crack growth. 

Fig. 8 shows a AK against crack growth rate 
dc/dN diagram for different degrees of orthotropy. 
The solid lines are drawn empirically. A slight 
increase in X improves the resistance to fatigue 
crack growth as well as creep crack growth for 
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Figure 7 Fatigue crack growth directions for 0 = 0 ~ specimens with different values of X. (a) h = 1, (b) h = 1.5, 
(c) ~, = 2, (d) X = 2.7. 

0 = 0 ~  The usually used power law 

d c / d N  = A ( A K )  'n (14) 

may be valid for the entire ranges of X and 0 
tested. But as is evident from Fig. 8, there exist 
two regions, i.e. Region I at low values of AK and 

Region II at high values of AK. The slope m in 
each region seems to be independent of the degree 
of orthotropy, but  is different between Region I 
and II. The value of m = 30 in Region II is nearly 
equal to that of creep crack growth. The fracture 
surface in Region II is smooth and is similar to 
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Figure 8 Stress intensity factor 
range AxK as a function of 
fatigue crack growth rates dc/dN 
for different values of X and 0. 
The solid lines are empirical. 
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that of  creep crack growth. These may show that 
the crack growth in Region II is mainly governed 
by the creep damage as predicted in Subsection 
4.2 and therefore, is able to be anticipated from 
Equation 11. Future work will be needed. On the 
other hand, the crack behaviour in Region I may 
be determined by cyclic damage which is difficult 
to evaluate quantitatively. 

5. Conclusions 
The crack growth of  orthotropic PMMA under 
static and cyclic loading were investigated, and 
were discussed based on the COD criterion for 
fracture. The results are summarized as follows: 

1. A slight increase in the degree of  orthotropy 
greatly improves the resistance to both static and 
fatigue crack growth in the direction normal to 
the HS direction. This improvement may be 
attributed partly to the change of  creep compliance 
and mainly to the increase in the critical COD. 

2. The criterion derived from the COD theory 
explains well not only the beginning of  crack 
growth, but also the crack propagation under 
static loading. 
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